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ON THE PEYNMAN-KAC!'s, FORMULA AND ITS APPLICATIONS TO FILTERING THEORY

\ Rajeeva L, Karandikar

¢ ) Indian Statistical Institute

: 7, SeJeS. Sansanwal Marg,New Delhi
and

p : Center for Stochastic Processes
: University of North Carolina

1. Introduction : Let (Xt) be a Markov process, not assumed to be time

(3

';r: homogeneocus, It is well known that ﬁt z (¢, xt) is a time homogenceus
.

"‘": Markov process. Let A be its generator., The Feymmen-Kac's formula for
. X, takes the following form if the equation

Y

'_:}; (1.1) Av+ev = O

R

'§4 admits a solution v, then v has the representation, for s <t

¢

1y

0 t ]

5 (1.2) w(s, X ) = E Jv(t,X ) exp(fs e€u,X Ydu)folx ) | .

s

We prove this under general conditions on (xt).

O

o
-

Then we come to the question of existence of solution to (1.1), We

b

:_5 show that under some regularity conditions on (xt), (1.1) has a solution
:‘ for a rich class of boundary conditicns, This implies that the tdual!
‘i equation to (1.1) admits a unique solution, The 'dual' equation is an
:-.i equation for measures on the state space of (xt) and its unique sclution

is the distribution of X, under an absolutely continuous change of the
underlying probability measure by a multiplicative functional,

|

\

These results on the measure valued equations significantly :
|

RIIRAI

e e

extend results given in [3] on the conditional distributions for the

{‘]

nonlinear filtering problem (in the white noise approaeh),
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. 2, Let (S, §) be a measurable space, Let (xt) be an (S, §) valued
NN
A Markov process on a probability space (9, A, #) with trensition probability
-{:
:"‘ function P. 1.30
> {U:Xt(w)eﬂ)cg
‘-',‘ and
L
(2.1) e (L) 1] + R(a X, te, B .
. ¢
e for all 0<s<t<w, BegS. Here, the function P(s,x,t,B) on
’.\; {0<s <=, t>0,xcS5, Be§} is assumed to satisfy the following
‘|
' conditions.
:j:'_ (2.2) For 82> 0, t >0, x € S5 P(s,x,t,,) is a countably additive
oS probability measure on (8, ).
'u"-:
::j: (2,9) For s>0,xeS,Be§ s P(s,x,0,B) » ln(x).
(2.4) For t > 0, B e 83 (8,x) 9>P(s,x,t,B) is a o)) @ i
o measurable function (B(E) denotes the Borel c-field of a topological space
B ﬂ L4 '
) ";: E and @ denotes the product of g-flelds),
$
'\"':
s

(2,5) For 8 >0,u>0,t>0,xeS, Be§s we have

f P(s+t,z,u,B) P(s,x,t,dz) = P(s,x,t+u,B)
s

Throughout, d denotes the smallest o~field with respect to which the

family {X :0 <u <t} is measurable, Vo also assume that

(2.6) the process (xt) is gxt - progressively measurable, i.e, for all

t, < =, the mapping (t,w) + X (w) from (0,t Jx 08 +S fs
B (0,6 1)@ [F  measuable.
o

RN
L0



et B = [0, x5, §=8([0, )@ § and J be the class of

bounded real valued /§\ measurable functions cn §.

Definition : A sequence {fk} C J 1is said to converge weakly to f ¢ ds

written as w-linm fo=f, Af fk(x) is uniformly bounded and for each

k+eo

. x¢eS, fk(x) converges to f(x),

For fcg.t:o, let thxs-*m be defined by

(2.7) (th)(s,x) z If(s+t,z) P(s,x,t,dz), (s,x) € .

Using the properties of P, it can be checked that th ¢t J and that for

u>o, t>»0,

oy

bl (2.8) L N N N P

Thus {T, ¢ t » 0} 1is a semigroup of operators (from J into itself),

» 3
:‘ N
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Remark : It is well known and easy tc check that X, * (¢, Xt) is a
Markcv process with staticnary tsansition probability function 3 glven
by

/!}(t, (syx), B) = P(s,x,t.B(”t)) s, Be g

where BY denotes the u-section of B<L S, The semigroup {tht > 0}
defined above is the usual semigroup associated with the transition
function P (as in[27], section 2.1).

We will now recall the definition and scme properties of the weak
generator A of (T, :t >0} Let J be given by

J ={feJ; wlim T _f = £}
*© i tso °©

Definition : Let, 24\ be the class of f ¢ g for which the

(2.9) wlin L = g

exists and belongs to go and for f ¢ QA' define Af = g, where g
is given by (2,9).

The following properties are easy to prove, We will only state

them here, For a proof see chapter 1 in r2J .

(2.100  T.(p) P, and for £ eD,, ATF) = TAf

(2.11) For feg,t> (th)(s.x) is a right continuous function for
all (s,x) ¢ Q.

(2,12) For f ¢ D,, e have, fcr all (s,x) c/s\, t>0

t
(T £)(3,x) = £(8,x) + lo (T, Af)(s,x)du

.......

Py
' f . l{ I‘.
AN OGSO W/
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o (2.13) Given f € J  there exists a sequence {f,} CD, such that
) v-lim £ = f,
j k o
- In (2,13) above, £, can be taken to be
b
" £, (8,x) = ] k & (1, £)(s,x08x .
>
N
poy The property (2,12) has the following important consequence.
.::_'_'. .
o Proposition 1 : For f e D,, M  given by
&%
® t
(2.18) M (w) = £(t, X () - [ (Af)(u, X _(w))du
- | ° u
is a martingale with respect to the a~fields .
1" .
{ X
- d
- Proof : The progressive measurability of (Xt) implies the [, measurability
- of M . Since f, Af ¢ J, they are bounded and hence M 1s itself
;)' bounded for each t. Now (2,1) implies
.‘
's': x
?__-_; (2,15) E, (ece, x)IE, J = f £(t,2) P(s, X, tes, &)
('
> = (T,__ £) (s, X))
. t-s * Ts
N
N
’_',..: for s < t. Similarly for s < u, we have
o
o*
oM
- (2.16) E, f(Af)(u.Xu)Ig’:] = (1 _, Af)(s, X)),
E
A Using (2.11), (2.12), (2.15) and (2.16), it can be cheeked that
i "
-

M«

.‘— E"[ - M 'f'x]
0 17




We now turn our attention to the Jeynman-Kacts formula, Owr next

result is a step in this direction.

Let g: [0,t,1x S+IR bea N [0,t, 1) x § measurablc
funetion such that

t
o
(2.17) E'{jf fg(u, Xu)ldu:] < o
(o]
and for a positive integrable function a : [O, t;] + IR ,

(2.18) glu, ») <alu) foran xeS, ue (0, ¢,
Fix 0 <s <t and let
t
(2.19) Bt(m) = exp(f g(u,Xx (w))du).
s u

Then we have

Theorem 2 : Let f ¢ D4 and g satisfy (2,17), (2.18). Then

t
(2.20) 7, = #(t, X )eB, - js feantu,x ) + glu,x )] - 3, &
is an g: martingale for t > 8 (where B 1is given by (2.19)).

Proof : It is easy to see that Zt. is Eﬁ measurable. The condition
(2,18) implies that B, is bounded. Since f, Af are also bounded the
condition (2.17) gives the integrabtility of Z,. To prove the martingale

property, suffices to prove that for s sr<ct, Ce ;i .

(2.20) e [z -20:2,)= 0
t
(o]

Let f(tw) = f(z_, xto(w)) - !t (Af)(u,x (w))du. Then by

Propcsition 1, it follows that for 0 <t 2t

........
.....



~
L (2.21) E, Lfl(t,.)lgt( ] = £(t,X,)
and hence
t
(2.22) E_ Y_xc-(zt-zr)]z E leo{fl(t,.)Bt-fl(r..)Br-fr{(Af«fgf)(u.Xu)du}.

n Now for each w, f,(t,w), B_(w) are absolutely continuous functions and
[\ o 1 t
hence

tog
) (a8 () (B (W) = [ & (£, mp @ ] &

t
[r {£, (g,0)+g(u,X (w))B ()

0000
RARTURILE i

+ (Pf)(u,xu(m)).Bu(w) Ydu,

K-, Thus

S

t
oy (2.23) E, [fl(t,.)Bt-fl(r,.)Br] E lJr £, (u,.)g(u,X B du

F t
2 +E 1, [r (Af)(u,.)B  du

"1,
N
"

t
E 1, ]r (Af+gf) (u,X )du

using (2.21) once again. iow (2.22) and (2.23) give the required

euqlity

'l.l
L4l ¢
L

4
(o}

eflez -20) = o .

L]
2

‘s
s
‘\fﬂl'i

a e

«

»
.l
-

Remark ¢ It can be verified that

2
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[ AR

F i M Tk

» 3

t
Zt=MtBt-fsMudBu

o
4

o

where M is given by (2.it). Hance if M wre right coentinu-us,

3o
v
tl
.

- S.'_

it would fcllow frem the "integration by parts fermula for martingale”
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(Sce [: S 1) trat (Zt’ [f) is 1 martincale, H-wever, in pencral M,
necd nit be right continu us And hence we have oiven 1 direct o £,
The f~1ll.wine is the Feynman-Kac®s f-rmul2 f~r 2 timc in homogene ~us

Markcv prccess,

(%)
¢
3

Thecrem 3 @ Let 0 <t <o be fixed, Let ¢ : [O, t{] x

and g : S + IR bec bounded measurable functions, Surpose that v ¢ I:JA

is a sclution to

(2.24) [Av + cv](u.x) Lucey) = O
and
(2.25) v(t_ ,x) = gc(x) .

Then v admits a rerresentation, for s < t.

to
(2,26) v(s,Xs) = E, Ezh(xtc)e:q«(fs C(U:xu)d\l)'f:; ] a,e, T,

Pmof : Fix s <t. Take f=v and g =c in Therrem 2 tc cbtain

that (Zt‘ g)t()s«:tois a martingale, wherc
t
(2,27) 7y = v(t,R,) -?xp(ls v(u,X )du).

Here We h;ve used the fact that v satisfles (2.24) s- that the

seccnd term appearing in the expressicon for Zt is zerr, Thus
E [th|§: = zZ, 1.8, ¥

This is same 1s (2,20) since wv(t_,x) ® zc(z).
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1, Ir. vtis sactin w. ¢ nslder the qursti-n 1s t- under what conditicns
N (Xt) 4. es the pr tlem (2.24), (2,.25) admit = s~luti-n, Cf ccurse,
i€ the s luti-n exists, it has t- satisfy (2.26) -nd this zives a clue
18 t what c-niiti ns -nc sh'ul? ;ut . c.z,(Xt).

Swsze tuit S is 2 topelogical space, 3 ig its Berel o fiell,

Let be the s;pice € all right c-ntinucus macrines X frem | O,=)
H - —

intr S, We will Zén <e by 7_’{ the value ~f X 3t t, Let

3 7 M}-u s €u < t), W assume that
. (3.1) £r a1l w, X, (w) € ¥
- ard that frr 1ll (s,x) € S, there exists a ~rcbability measure Ps x
- »
- .8 .
- r. (¥, [) such that £r 0 < t_ ST Leen L 1Y, €S, AlsAsseeesA € S 3
. k> 2, w have

k
(3.2) pt’ v (Lig’l:lilik) = f...]izl 1‘\.(yi)P(ti 1° Yi 1° ti ti_lodyi).

Ramark The main thrust -f this assum~tion is that Ps % is realized on X’,

»
‘.:-‘T} The relati-n (2,1) and (3.2) imply that fcr (ti},{Ai} as in (3,2),
.\.:f.‘.: we have
- k Y
- (3.3) r[n 1, (X )!-'}=P (X, €A, :1<i<k)ams,
: "liny Ayt TS toXe Tt 7
e t
e and hence by standar? areumcnts, we have for B < § 7,
x X = D
(3.%) (x.e B[, ) = P ., (B AsS. T
tt ooy

0

c . . t
~imilarly, it can be -rcved that for s <t, Be L, X €S,

.“
X,
\'l

LR RS

(3.5 Py x(a\:\i) =p_ ., (3) is. P .
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We are now in a pesition to prove a 'converse! to the Feymman-Kac's

formula.

Thecrem 4 @ Let 0 <t <= be fixed, Let c : _Eo,tc‘]x S+ IR bea

bounded continucus functicn, Let £ e D Let v : § + IR be defincd

=A°
by
t
(3.6) v(s,x) = Ep [f(to,xt )exp([ c(u,ﬁu)du)J » S <t
S,X o s
= f(s,x) » 52t .
Then v ¢ QA Aand Av = fl where
(3.7) fl(s,x) = - cls,x)vi(s,x) , s < t,
= (AF)(s,x) s>t .

Proof Since v(s,zx) = £(s,x) for s >t , we have

(Ttv)(s,x) = (th)(s,x)

for sito, xeS, t >0, Hence for sito,xes.

(Tt v)(8,x) - v(s,x)
(3.8) w~1lim T = (Af)(s,x) = fl(s,x) .
t+0

Fop _)_(_e* » S <t let us define

t
(o]
(3.9) c (X) = exp( fs clu, ¥ )du).

Then for s < to, we have

s =5, [ s x ) ew ).
8,% o

-

)

ti Lo 4"-#‘:"!‘! """ ".)""W '."7_,.'?'.."1 ‘ ‘. .' gl 1y Tty g T 7y ’r_;.: AT
) ] 5 Y ' ]
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t 1l

Fer s<t°, s+t<to. we thus have

(3.10) (T, v)(s,x) = [ v(s#+t,2) P(s,x,t,ds)

E

Ps,x [_v(u-t . )-(_c+t )]

e, (e (£(x_,x, )C (x))]
Ps.x{Ps+t. gﬂ*t \.'—to s+t —

(£t %, R ¢

+t—

by (3.5). Hence, for s <t , XeS§, s+t <t we have

(T, v)(s,x)=v(s,x) ¢ (x) - c.(xX)
t . L] - ¢t — 8 —
(3011) T = EP"X {f(to'z(c) . T J .

For all X ¢ X , we have from (3.9)

Cgpp (X)=C4(X)

(3.12) lim A = - cl8,%,)C (X) .

Further

C .. .(¥) -c(xX)
(3.13) [PEAAT S s

I = '- C(f'.x_T) oct(!_)'

< K
where K depends only on t. and the upper bound of |c|, The d-minated

(-]

convergence thecrem gives that for 8 < t_

(TtV)(s,x) - v(s,x) -]
(3.14) 1n -, .[f(t"'!‘o"'d"z‘ ), (x)}

t+0 t .

z - c(s,x) v(s,x)

= fl(l.x)

"W \..\n PR RN TR TN MR T "

< 1 Ot G f
'n ) . ) (} [} UM A X
‘.A et A REERENILN )W Lo N “a' .-", U -,:‘n,lf':f'.'n.‘-‘,.'-,.'«,.‘x,.‘c..“
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. as » (X =x) =1, Also, (3,13) implies that the lcft hand expression
\‘n’ S,X -6

’ .

N . in (3.11) is unifermly bounded (in s,x,t), Thus we have

" -~
o :
(T, v){(s,%) - v(s,%)

' (3.15) w=-1lim = £.(s,x) .

) t 1

o t+0

o Remzins tc prove that f, € J o This will prove that vee Dy and that
ANA Av = Ff.. If s >t fl(s.x) = (af)(s,x) and hence for s 2t
£ t >0, (Tt fl)(s,x) = (Tt Af)(s,x). Since Af ¢ Jo» this gives

3

X

X (3.16) lin (T )(s,x) = f£(sx) for s>t , xeS,
i t l 1 - C

t t+0

-‘r"

.j\. For s < to, we have

e .
',. fl(s,x) - fl(S.X) = -EPS xE:(s*tésn)v(s+t,3_(s+t)-c(s.x)V(s,x)]
\ *

:‘: ]
Lo = - -

o Ep Ev(s+t,§s+t) {c(s+t,2(_c*t) c(s,x)}
Mo S,X

.

-~
:) -
"o - ¢c(s,x) EP Lv(s+t.1(_sﬂ) - v(s,x)] .
s S,x
A
K
<: Now as t + 0, c(s+t, )-(s-o-t) + cls,X,) = cls,x) a,e. Ps,x’ as ¢

. is continuous and Y is right continuous, Hence by the deminated

A .

:)’Qj ccnvergence theoren,

sy X

N r i

lim ¢ vis+t, X . ) {c(s+t, X .. ) - 2(s,x)} =

" t+0 Psa > Zevt * Zett =
:f- Tho relaticn (3.1%) implies that

NS

A r

,: —<(8,x) E, Lv(s«rt, )_(“t)-:v(s,x)] = - c(s,x) [(Ttv)(s,x)-v(s,x)
iy 8,X
o - 0
.
o a8 t ¢ 0. These obscrvatizns give
ol
o4
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w
.0

(3.17) tli.mo ('I't fl)(s,x) z fl(s.x) for s<t,xecS ,

Now (3.16), (3,17) and the fact that T, f; 1s uniformly bounded yield

w=lim (T f)=f .
t +0 t 7l 1

1]

Remark : Under the conditions assumed in this secticn and Thecrem 4, the

equations (2.24), (2.25) for go(K)z f(tc,x) have a unique sclution v on
[_o,tc‘lx S which is given by (3.6). To see this, let v' be any
solution. Apply Theorem 3 tc the process {-}-(-t : t > s} on the probability

space X, g: . Ps x) to obtain, for s < to’
?
- s
vv(s.lt_e) =z EPs x[ﬂto'zto) cs(i)lés] a.s, Ps,x .
»

Since under Ps x any set in é: has measure zerc or one, the
. £

conditimmal expectation appearing above is the unconditional expectaticn

and thus equals v(s,x). Also )_(_G 2 X A.8. Ps x° Hence we have

V'(s,&) s V(S.X) QeS8 Ps.x .

These observaticn imply

v'(8,x) = v(g,x) .

4, We now consider an equation dual to (2.24), namely
d *
K = AK ¢+ g(t,.)Kt

where {Kt} & M(S) - the class of finite signed measures on (S,§8). Thc

suqaticn (4,1) is purely £ormal and is to be interpreted as

‘\'-"‘.I‘.‘\"v"\ v\"(-.".“'\v\-

)
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- »':‘r“lv;l(‘v

s 1k ¢

" t t

‘;: (4.2)  <f(t,.),K > = <£(0,) K > + I(;Af(xu,‘.),KuMu + fo <g(u,y )£ u,0) K >du
o for fe D.e Herc, <0,u> denotes f 6 du for ue g(S) and a function
) '

o 8:S + IR, Thus <f(t,.),u> = [£(t,x)dul(x) for f ¢ Jo Ve will show
'{',\ that this equaticn with bcundary conditicn

K203

et -1

ahe (4.3) K, = NoX;

W

M

\* admits a unique solution which is given by

K} t ]

'I.x =

. (4.u4) K, (B) = E_ [1B(xt)exp(lo glu,X )eu {, Be§.

('.:-j. The uniqueness will be proved in the class of {Kt} satisfying

S

Lo

#04 (4.5) K, } & M), t+K(B) is a Borel measurable functicn

o3 for all Beg and K, << T o XT' with |
. |
o |
dK, |
R ] < M i
2 dwoy -1

e t

e for all t, for a fixed constant M, ‘

".".-\
We continue tc assume that the conditions imposed on (X.) in

& -‘j, Secticn 3, are valid., We further assume that S is a complete scparable

g ‘

e metric space. We begin with a Lemma.
".’-_:.1
oo Lemma 5 : Let O < t < @ be fixed. Let u € M(S) be such that

oy |

o

2 (4.8) -

o . <f(t,.),u> = 0 ¥fed .

‘i‘-'}i‘ Then w = 0

..0“ = .

MORAES BEN \ \"\"ﬁ-

oy o A SRR R U R R R ¥ LS R Rl A ey A
I S ".f.r.-#'.f" AT S IRTATATNE ' .‘ B ey M,
( ’ ‘ R IR

Y, o
‘(‘"l’. 'l v BP0, l 4 ’ul‘ N‘O" a .. q”‘ f '.
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Prccf : Let E Le the class of fe J for which (4,.6) holds. Easy to

gee that if fk e E, w-lim £ = f, ther £ ¢ E. Hence by (2.13),

k +®

J CE.

=0 — =

A
For fe Cb(S), (i.e. £: § » IR 1is bourded continucus), we have

(‘l‘t f)(s,x) = E f(s+t, 53+t) + f(s,x) as t ¢+ O,

PS X

L ]
since X is right continucus. Thus Cb(S) <J. < E

Given fo € Cb(S), taking f(s,x) = fé(x), we have f ¢ chdé)s;‘g

and haence
(4.7) ,<fo’"> = 0 .

The validity of (4.,7) for all fo € Cb(S) implies u = 0 becausc

S - the Borel o field - is also the smallest o ficléd with respect to

which Cb(S) is measurable,

13

We are now in a position tc prove the asserticns made at the beginning
of this section. This result moy be considered as a dual Feynman-Kac's

f( )mla .

Thecrem 6 :  Suppose that g satisfies (2.,17) anc (2.18), Ther the
equatior (4,2) with doundary cconditicn (4,3) admits 2 unique scluticn in

the class of {Kt} satisfying (4.5). The unique solution is given by

(4.4),

Prcof : First we will prove that {Kt} defined by (u,4) satisfies (k.2).

Let {Kt} be defined by (u.4), Easy to see that (4,3) and (4.5) arc

satisfiec,
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Kt
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R
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o : 16 :
oy Takine 8 = 0 in Theorem 2, it fcllws from the martingale property
~i
>
S - 7 = i 2
N oF Zt that Eﬁ"’t E"Zo. Here, Zt is given by (2,20) where irn turn
4.., Bt is given by (2.19), with s = 0, Notinr that with these n-taticns,
)
e
:2: <8, K> = E O(Xt)Bt
H.\
.-.~
'3:, we conclude from the relation FT"Zt = szc that
'\i t A
) <F(t,.),K > - [ <(Aftef)(u,.) K >Mu = <£(0,.),K > .
B t 0 u A
. Hence (Kt) satisfies (4,2),
.\:. To prove the uniqueness part, we will prove the follcwing, Suppose
I\.n
-_;:-; {K,} satisfics (%.2), (4.5) an¢ K_ 2 0, Then K =0, t 20,
5
2o Fer this fix t_ <= and f € D)« Let v he the measure defined onm
_ (o,t 1x s vy
t
c
S (4.8) v(B) = E_[ 15(u, X ), Beg'=pg(sn),
~. 0
Lo Then ncte that (2.17) implies f gl dv < », Hence if My * St + IR is
< S’
:'_:j defined by
b, ~ =
(4.9) gk(s,x) (s ,x) 1{|z(l,x)|ik}
then we have -
(4.10) [ g, =elv +0 as  k+e,
Py st K
N
-.$
.. Fcr each k, ¢ is 'cundec by k. Dy Lusirds thocrem (sec 1), p. 187)
l"l
- - * * ~
. we can oot c.k'i € cb(s ), bounded by k, such that
x"i’
w (4.11) - .
20 . r fe€e vV 28 § -+
V& %4 T
f J.-‘-.‘ o -~\~4~_-_- LR :ﬁ.- -_.-.vv'.'._'." MR R .'.'. "". "._‘."‘-.'.-" o " _'»0."-.'.-.‘.\'.-.‘-_' LAV s, LA ) '\. a,t
" -’. . ,'I-.J‘ ‘_.._-..(I_.l‘.._'.\'.‘, "{'11_,4-‘-_. Lo
S ’,’ "' B " " s o X ‘]. ¥ € ‘l'! by . - "‘..“-P.'ﬁ.‘ f ‘. !C,l’—' N ~ \ b \* fon, . .’
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Hence

(4.12) 1im [ -mlav = o,
faw [ e 9% S
Let . be vy (3, = . = -
i1 given by (3,6) fer ¢ €)1 Then Avk,i k.i vk,i
n [O, to) X S by Thecrem 4. Using (4,2) for v, ; and recalling that
9

KC = 0, we have

(4.13) <f(to,.), l(t > = < vk’i(t{\’,.),l(.t >
O 0
t
(9]
3 fo <(Avk’1 + Wk,i)(“")' K, > du
t
~
H f°<(g-Ck.1 )vk,i (u..),‘Ku > cCu .,
Thus
t(‘
(8.10) |<f(t°..).Kt?>' <M f°<|éx-ck’1)vk.il(u..), LIS Xl:l > du

t

~

=ME Io\'(q-ck,i)vk,i!(“’xu)du'

=M flw-ck,il-lvk.ﬂdv .
As 1 + =, vk,i converges p.intwise tc 5 and is bounded by k ,
where 5 is ziven by (3,6) for ¢ = .« This and (4,11), (4,12), (4.14)

:

imply
|<f(to.-),_Kt:| <t [ la=g llv, | ev .

Since (4.9) implies crk(u,x) < a(u),it fcllows that

t
Ivkl < M exp(fo a(u)u) = M,

where |f| < M. Hence




N : 18 :

-.‘ A

'n'._'

h |<f(e_,.), Kto>| < MM, “g-gkldv .

'::'_::' This and (4.10) imply <f(to’°)’Kt > =0, Since fe 2 is arbitrary,
°

o Levma 5 sives K, = 0. This completes thc pracf.

-“_. . ‘——-l
' J

A We will briefly consider tha equation for normalized measures

L

o

S K (B)

'."'r\ s Bes§

A~ (4.15) Nt‘B) z Etlss 2

::-'

o~ vhere K, is given by (4.4). Tt is easy to see, using (4.2) that (¥}
<X

e satisfies.

t t

"y (4.16) <f(t,.),Nt>:¢f(O,.).Nd>+[ <(Aﬂgf)(u,.),Nu>:lu-fo<f(u,.),NuNg(u,.),'s!u>dl_
S °
f— We will now prcve that (Nt} is the unique solution tc this equation,
‘ -
::'3: Theorem 7 : The cquation (4.1€) with toundary condition N = ¥-» X;]‘
::‘E:: admits a unique soluticr in the class cf (Nt} satisfyirg (4.5). The
i) solution is given by (4.1%5).
g

-’

:;:: Proof : We need to prove uniqueness of thc scluticn., let Né be any
\"‘-‘ -
Sy other sclution, i.e. satisfying (4.5), (4.16) and N! =¥ ~ x,)l. Then it
':':: can bc checked that N;(S) = 1 for all t > 0. Further, i€ l(; is defined Ly
o

-".\\-'. t
ey (4,17) KI(B) = NI1(B) cexp(f <g(u,.), N > du) ,

(o]

-
'\-'» then K! is 2 soluticn tc (4.2) and that it satisfles (4.3), (4.5).
Y .
ke Hence by Thecrem 6, K! = X .. This and the chbservaticn that
‘ >
CALS K;(B)
" ll{(D) =
o K!(S)
40'..' t
3:,,‘.. give us the required equality, namely N; = N |:!
R

0%
5
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5. We will now sive applications of the results in the nrevicus

sections tc filtering thecry,

Fe refer the reader to [4] for a dctailed discussion and background

on the white ncise approach to filteringy theory.

We assume that the signal prc.cess (Xt) is & Markcv process satisfying

the ennditicns imposed in the previcus secticns.

Let K Dbe z separable Hilbert space. Let h . [O,T]x S+K

bhe a measurable function such that

(5.1) E, [[Z Hhu(xu)llg du] < =
Lot H=L12([0,7], K) and let £:@+H be defined by
(E(w)), = hu(xu(m)), 04$u<gT.
Consider the model
y=s E+e

where e = (et) s K-valued white noise independent of (X.), Here y
is the observation process and Y,E,e are realised on a Quasi cylinder

rrobability space (E, E,a) (See (4] section 6). We now state the

Bayes formula, Fcr the relevent definitions and procf, see [uJ .

Theorem 8 : Fcr g : S+ IR hounded, measurable,

(5.2) E gyt v gt) = fsg(x) dF (y)(x)
where
: t t 3
. _1 2
(5.3) I, (¥)(B) E"EIB(Xt)exp(fo(hu(xu).yu)rx ,‘;-jollhu(xu)llg du)J
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s 20 ¢
and
rt(y)(ﬂ)
(5.4) Ft(Y)(E) = r—t—m

for 0 <t <T, yel, T ¢

172}

rt(y), Ft(y) are ¥ncwn as unpcrmalized and normalized cenditional
distritution ~f X, given {xl :u < t}, pespectively,
The fellowing is an immediate consequence of Theorems 6,7, Let

2
Fylean) = (), vy - %-Hht(x)u5 s () e[0,1]x s, yen

Theorem 9 : Let h sotisfy (5.,1).(2) Ycr all y e H, r.(y) is the

unique sclution to the ecuation

t
(5.5) <f(t,.),rt(y)> = <£(0,.), rn(y)> +f <(Af¥gvf)(u,.),ru(y)>du,
0 B,

fe

Ho

A

1 in the class of {K,} setisfying (4.5),

with the eonéition T (y) = %o X

(ii) Fer all y e H, F.(y) 1is the unique sclution to the equation

t
(5.6) <f(t,.),F, (y)> = <£(0,.),F (y)> + [ <(Af+gyﬁ(u,.),ru(y) > du
' 0

t
- fo <€(u,.),F (y) ><2y(u,.),?u(y)>du, £ed,

-1

with the initial c~nditicn Fo(y) = ¥~ X" in the class of {Kt}

satisfying (4.5).

Precf ¢ Sinee

. 2 1 2

..:':::: lgy("’x)l i ||ht(x)|l§ + 'Q'”Yt“;(
v and
v (£, < & |]v.]1?

S RY ] -7 _Vt § ’

e it follows that fap 211 v e H, p_  satisfies (2,17) and (2,18), Thus (1)
:*\, y
't::‘_.p' follows from Theerom 6 and (i1) from Thecram 7,
WIn7
2505
O )
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o Remark : Theorem 9 was proved in [‘:3] under the much stronger condition
; .
-‘,' T
::E (5.7) Hh GOl < a,  with | At ew .

SN : t had t o t
e}
' The equations (5.5) and (5.6) are analcgues of the Zakai and Fujisaki-
_"\ Kallianpur-Kunitz equations, In[3], I‘t(y) and Ft(y) were also
"-
.;'j.\- characterized as unique soluticns tc another type of equations (equatioms

(3.4) and (3.11) ¢n [3]) under the condition (5.7)., Vith a little

‘_jﬁ_- bit of wcrk, it can be shown that (5.7) can be replaced by (5,1) in these
L. results as well.
- \f.\
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